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The classical local theory of integrable 2-plane fields in 3-space leads to 
interesting qualitative questions about the global properties of solutions 
surface (i.e., leaves of a foliation) on 3-manifolds. It is now known that foliations 
admitting a closed leaf of suitably high genus abound on all closed or orientable 
3-manifolds that are not rational homology spheres (S. Goodman, PYOC. Nat. 
Acad. Sci. U.S.A. 71 (1974), 4414-4415), and this leads to natural questions 
about the “positions” of such leaves relative to the rest of the foliation. One 
such question, suggested by Goodman’s theorem on closed transversals 
(S. Goodman, ibid.), is considered here. 
Let (M, F) be a foliated 3-manifold. More precisely, M is to be a closed 
connected orientable 3-manifold, 9 a smooth transversely oriented foliation 
of codimension one on M. 
It is a result of S. Goodman [2] that through any closed leaf of genus 
greater than one there passes a closed transversal to 9. The purpose of the 
present note is to prove the following curious ramification of Goodman’s 
result. 
THEOREM. If L, and L, are closed leaves of 9 with genus (L,) > genus (L,), 
then there is a closed transPrersa1 to F that meets L, but does not meet L, . 
For the proof it will be convenient to state this theorem in a slightly 
different form. Following S. P. Novikov [4, p. 2741 we define a partial ordering 
on the set of leaves of 9 by setting L, > L, if every closed transversal to .F 
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that meets L, also meets L, . The equivalent version of our theorem relates 
this ordering to the Euler characteristics of closed leaves. 
THEOREM. If L, and L, are closed leaves of F with L, > L, , then 
xw 2 x&2). 
In particular, if closed leaves satisfy L, > L, > L, , then L, z L, . 
We mention another easy corollary. Let T, denote the closed oriented 
surface of genus g > 1. 
COROLLARY. If A!13 admits a nonseparating imbedding of T, , then M3 
admits a foliation 9 with a leaf difieomorphic to T, and no closed leaf of genus 
greater than g. 
Indeed, as Goodman has pointed out [2], W. Thurston’s theory [5] of 
foliations of 3-manifolds guarantees the existence of a foliation with a leaf 
L E T, . Using the above theorem and the method in [l], we construct 
finitely many closed transversals to this foliation that meet each closed leaf 
of genus greater than g, but miss L. The standard modification [6, Sects. 2 
and 31, [I] around these transversals opens the closed leaves of genus greater 
than g, introduces some toral leaves (but no other closed leaves), and does 
not touch L. It is worth remarking that this modification does not change the 
homotopy class nor the concordance class of the foliation. 
In order to prove the theorem we fix the assumption that L, and L, are 
closed leaves with L, > L, . Remark that, ifL, is diffeomorphic to the torus T2, 
then the conclusion of the theorem is automatic. Indeed, by the Reeb stability 
theorem [3, Paragraph 3.51 no leaf can be diffeomorphic to S2, hence x(L,) 2 
x(L,). We assume, therefore, that L, is not dsjfeomorphic to T2. 
In the following discussion we will frequently refer to the positive or 
negative side of a closed IeafL. By these terms we mean the parts of a suitably 
small normal neighborhood N of L reached respectively by positively or 
negatively directed normals to 9 from L that stay in N. Here, of course, 
we use our assumption that F is transversely oriented. 
Define A to be the set {x E M 1 x lies in the interior of a positively directed 
transversal cr: [0, l] + M to 9 such that u(t) EL, iff t = 0, u(t) EL, iff t = l}. 
Let B denote the closure of A. 
LEMMA 1. The set A is an open saturated subset of M and, B is a smooth 
submanifold with boundary, the boundary being a finite union of closed leaves 
of F including L, and L, . The positive side of L, and the negative side of L, 
meet A. 
Proof. First note that A # a;. Indeed, Goodman’s theorem [2] assures 
the existence of a closed transversal through the nontoral leaf L, and, by 
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assumption, this transversal must also meet L, , hence some subarc will lie 
in A. It is also clear that A is an open saturated set, hence the positive side 
of L, and the negative side of L, are contained in A. 
If the negative side of L, were to meet A, then a positive transversal not 
meeting L, could be constructed from L, to a point x near L, on the negative 
side. This would extend to a closed transversal through L, not meeting L, , 
contrary to hypothesis. Thus L, is a boundary component of B. 
If the positive side of L, were to meet A, then there would be a positive 
transversal (T missing L, and going from L, to a point x on the positive side 
of L, . Here we can assume x to be as close to L, as desired. Since L, is not 
a torus, it admits a closed transversal 7 which necessarily meets L, . Thus (T 
can be joined by a positive transverse arc to a suitable subarc of T so as to 
produce a closed transversal through L, not meeting L, , again contrary to 
hypothesis. Thus L, is also a boundary component of B. 
Suppose that x is in the set theoretic boundary of A, but not in L, or L, . 
Let {x,} be a sequence of points in A with x,---t x. Let U be a product 
neighborhood for F, x E U, and assume U n L, = U n L, = %. Let 
L, denote the local leaf in U containing any specified y E U. For n and m 
sufficiently large there is a positive transversal from (say) x, to x, which stays 
in U. Since x, E A, there is a positive transversal from L, to x, not meeting L, , 
and similarly, a positive transversal from x, to L, not meeting L, . Putting 
these three transversals together, we see that all local leaves between L,* and 
L, must lie in A. In particular, the local leaves L,* all lie to one side of L, 
and all points of U between L, and some L, belong to A. It follows that 
the full leaf through x borders A on one side, hence that B is a manifold with 
boundary, each component of aB being a (necessarily closed) leaf of g. 1 
LEMMA 2. Let L be a component of 8B other than L, or L, . Then either 
L is a torus or the negative side of L does not meet A. 
Proof. Suppose that L is not a torus. As usual, there is a closed transversal 
(T through L. We can suppose that (T meets L only once. 
If cr meets neitherl, nor L, , let x E A n Im(g), let 7i be a positive transversal 
missing L, and joining L, to x, -r2 a positive transversal missing L, and joining 
xtoL 2 , and put together these three transversals so as to show that a point 
of L lies in A. This contradiction shows that CJ must meet L, or L, . 
If u meets L, , it must also meet L, . The point of (T lying on L is flanked 
to each side by the nearest intersection points with L, or L, . There are four 
possibilities as pictured in Fig. 1. Possibility (a) contradicts L p A, while 
(b) would allow us to construct a closed transversal through L, not meeting L, . 
Possibility (c) allows us to replace (T with another closed transversal through 
L that meets L, but not L, . This is precisely the situation we discuss in the 
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FIG. I. Four cases considered in the proof of Lemma 2. 
next paragraph. Finally, in case of (d) we choose x E A n Im(a) near L. The 
positive arc u1 of (J from x to L, does not meet L, . There is also a positive 
transverse curve froml, to x not meetingl, , hence we get a closed transversal 
through L, not meeting L, . 
Thus we are reduced to the case of a closed transversal c through L that 
meets L, but not L, . If the negative side of L meets A, then a positive trans- 
versal missing L, and going from L, to x E A n Im(a) near L, continued by 
the positive arc of (J from x to L, gives a transversal that crosses L and only 
meets L, at t = 0 and L, at t = 1. This contradicts L @ A and completes 
the proof of the lemma. a 
We now prove the theorem. As usual, we assume that no leaf of g is 
diffeomorphic to S2 since the Reeb stability theorem would then give 
immediately the conclusion of the theorem. Let 
aB=L,uL,vL,u-UL,. 
Every Li is oriented inward to B except L, and possibly some tori. Thus, 
if c E P(M) denotes the Euler class of the tangent bundle of 9, we obtain 
and so 
O =s, c = x(LJ - xF2) + f. xw 
i=3 
x(Ld - x&2) = - 5. xw a 0. 
i-3 
The proof of the theorem is complete. 
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